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Abstract. We define a cotriple (co)homology of crossed modules with coef- 
ficients in a 7ri-module. We prove its general properties, including the con- 
nection with the existing cotriple theories on crossed modules. We establish 
the relationship with the (co)homology of the classifying space of a crossed 
module and with the cohomology of groups with operators. An example and 
an application are given. 



Introduction 

In this paper we present some developments in the (co)homology of crossed 
modules. In the work of Carrasco, Cegarra and Grandjean jl] the authors proved 
that the category of crossed modules is tripleable over the category of sets, hence 
it is an algebraic category; then they used the resulting cotriple to construct a 
(co)homology theory of crossed modules in the spirit of the Barr and Beck theory 

Later Grandjean, Ladra and Pirashvili \\'A\ have proved that there is an exact 
homology sequence 

> H n+1 B(T,G,fi) -> (H^ CG {T,G,fi) -> H n G -» H n B(T,G,fi) ->••■ (1) 

which relates the integral homology of the classifying space of a crossed module and 
the cotriple homology of 0]. 

The (co)homology theory of U has trivial coefficients. In any algebraic category 
the passage from trivial coefficients for the (co) homology theory to global or local 
ones is achieved by a well known procedure which consists of taking abelian group 
objects in the slice category; the cohomology of a crossed module $ with a system 
of global or local coefficients is equivalent to the cohomology in the slice category 
of id$ with trivial coefficients. Although there is no theoretic difficulty in realizing 
this passage, to achieve it in practice in a concrete algebraic context like the one of 
crossed modules is not entirely trivial. 

One of the first questions to consider is whether it is possible identify a manage- 
able class of coefficients giving rise to a (co)homology theory of crossed modules 
which has interesting properties and leads to applications. This was one of our 
motivating questions which we have tried to answer in this paper by concentrating 
our attention on two special cases of a system of local coefficients associated to a 
7Ti-module, where tt\ is the first homotopy group of the crossed module. 

Our motivation for considering 7Ti-module coefficients for the cotriple (co)homolo- 
gy comes from the long exact sequence Since the (co)homology of the classifying 
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space of a crossed module is defined in general with 7Ti-module coefficients (see 11 ) 
it is natural to expect that an appropriate cotriple (co)homology of crossed modules 
with 7Ti-module coefficients would lead to long exact (co)homology sequences gener- 
alizing in the homology case. One of our main results, Theorem 1 131 establishes 
precisely this. 

Given a crossed module $ with first homotopy group ni, the canonical projection 
$ -» (1, 7Ti, i) = tti($) induces a functor 

(CM/7n ($)) a6 -»■ (CM/$)at. (2) 

A system of local coefficients for the cohomology of a crossed module $ could be 
defined as an object of (CM/7ri($)) a j,. The functor (J2J takes this system of local 
coefficients into a system of global coefficients used to compute the (co)homology. 

In this paper we work with two special cases of the above system of local coeffi- 
cients; these correspond to the split extensions of crossed modules 

(A, 1,0) >-> (A tti.,0) -» (1,71-1,0 (3) 

and 

(M ) i)>-»(l,Ax7ri ) i)-»(l ) 7ri,i). (4) 

In Sections 2 to 6 we consider the coefficients corresponding to the split extension 
Q, and study the corresponding (co)homology theory. After recalling some back- 
ground in Section 1, in Section 2 we introduce the (co)homology. For this purpose, 
the notions of module and derivation in the sense of categories of interest ^7] are 
used to define a derivation functor, and a dual Diff functor, from crossed modules 
to abelian groups. We point out that the notions of action, extensions and semidi- 
rect product of crossed modules were also worked out by Norrie |lfij . internally in 
the category of crossed modules. This has been used by Vieites and Casas [22] to 
give a different approach to derivations of crossed modules. 

In Section 3 we study the case of aspherical crossed modules; these form a 
subcategory isomorphic to the category of surjective group homomorphisms. We 
prove that our (co) homology for the aspherical crossed module corresponding to 
the surjective group homomorphism / : G — > G' is isomorphic, up to a dimension 
shift, to the relative group (co)homology of the pair [G\ G) defined by Loday [H| . 
Other general properties of the (co)homology are proved in Section 4. In Section 
5 we establish the relationship between our theory and the (co)homology of the 
classifying space, recovering the result of |13| in the case of homology with integral 
coefficients. This result is illustrated with an example in Section 6 where we obtain 
some information about the (co)homology of the crossed module corresponding to 
a ZG-module M. 

The coefficients corresponding to the split extension (0} are treated in Section 
7. We prove that the corresponding cotriple (co)homology coincides with the 
(co)homology of the classifying space of the crossed module, up to a dimension 
shift of 1, and in dimensions n > 0. An application to the cohomology of the 
classifying space follows. 

In the last section we elucidate the relationship between the cohomology of 
crossed modules with 7ri-module coefficients introduced in Section 2 and the co- 
homology of groups with operators studied in 6 . In order to study the relation- 
ship between the two theories we establish the preliminary result, which may be 
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of independent interest, that when (T, G, /i) is a precrossed module the cohomol- 
ogy Hq (T, A) of |H1 can be described as cohomology of precrossed modules with a 
system of local coefficients. 
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1. Preliminaries 

1.1. Crossed modules. Recall that a crossed module $ = (T, G,fi) consists of a 
group homomorphism /i : T — > G and of an action of G on T such that 

tx{H)= 9 ^{t)g-\ "(*V 

for each t,f € T, jeG. A homomorphism of crossed modules (fx, fa) '■ (T, G, fi) — > 
(T", G', fi') is a pair of group homomorphisms fx ■ T — ► T', fc'-G—^G' such that 
A*7t = fan and f T (H) = fo(9) f T (t) for all g e G, t E T. We denote by CM the 
category of crossed modules. This category has several equivalent descriptions. 

Recall that a cat """-group consists of a group G with two endomorphisms d\ : 
G — > G such that 

didg = do, dgdi = d\, [kerdo,ker(ii] = 1. (5) 

A morphism of cat 1 -groups (G,do,di) — > (G' , d' , d[) is a group homomorphism 
f :G^G' such that d'J = fd t i = 0, 1. 

The category of crossed modules is equivalent to the category of cat 1 -groups |15j . 
Given a crossed module (T,G,fi), the corresponding cat 1 -group is (T x G,do,di), 
d (t,g) = (1, 5 ), di(t l5 ) = (1,m(%) for all (t, 5 ) 6 T x G. 

Another description of the category of crossed modules is given by its equivalence 
with the category SG<i of simplicial groups whose Moore complex has length 1 
|15j . An object of SG<i is a simplicial group G* such that Ni(G*) = for i > 1 
while iVi(G*) ^ where N* : SG<i — > CM is the Moore normalization functor. 
This is defined by 

N n G* = n ker(ffi*) n > 

with boundary map : N n G* —* iV n _iG*, d = c^oijy G ■ There is a functor 
AT" 1 : CM -> SG<i with N^^G) = G* which is given by 

N~ 1 (T,G,iJ l )=T n xi G n>0, 

. . .,t n ,g) = (ti, ...,ti,...,t n ,g) 1 < t < n, 
9 (ti, ■ ■ • = (Mr 1 ; ■ • ■ itnt' 1 , iitig) 

Si(ti, . . .,t n ,g) = (ti, . . . ,tj,0, . . -,t n ,g). 

Crossed modules are algebraic models for connected spaces which have trivial 
homotopy groups in dimension n > 2, called 2-types (see for instance JSl)- To any 
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crossed module (T, G, /x) one can associate a connected CW-space B(T, G, /i) called 
its classifying space with 

niB(T,G,fi)^G/(j,(T), it 2 B(T, G, fi) = kcr/x, n n B(T, G, (i) = for n > 2. 

B(T, G, n) is denned as the classifying space of the simplicial group A r ~ 1 (T, G, /x). 

The homotopy groups of a crossed module (T, G, fi) are defined as 7Ti = G//x(T), 
Ti2 = ker fi, 7r„ = for n ^ 1, 2. A morphism of crossed modules is called a weak 
equivalence if it induces isomorphisms of homotopy groups. 

It can be proved (see for instance that the functor £?(-) induces an equiva- 
lence between the homotopy category of connected 2-types and the localization of 
the category of crossed modules with respect to weak equivalences. 

1.2. CCG (co) homology. In 0] it is proved that the category of crossed modules 
is tripleable over Set, hence it is an algebraic category. It is shown there that the 
functor U : CM -> Set, U{T, G, fi) = T x G has a left adjoint T : Set — > CM. 
This is given by 

^(X) = (F(A 7 ),F(X)^(X), i ) 

where F(X) is the free group on X, * is the free product, i is the inclusion, F(X) 
is the kernel of the map p 2 ■ F(X) * F(X) — ► Fpf) determined by = 0, 

P2"2 = id, Ux,U2 being the coproduct injections. 

It is proved in 0] that U is tripleable. This identifies the regular epimorphisms 
in CM as those homomorphisms (/t, /g) : (T,G,fi) — > (T", G', /x') such that /t 
and /g are surjective. Hence for each set X the crossed module .F(X) is a projec- 
tive object in CM; this category has enough projectives since any crossed module 
(T, G, fi) admits the projective presentation TUiT, G, fi) -» (T, G, /x). 

Let G = TU be the cotriple arising from the pair of adjoint functors (J-,U). 
This cotriple is used in g] to define a (co)homology theory of crossed modules as 
follows. Recall that given a crossed module (T, G, fi) its abelianisation is the abelian 
crossed module (T,G,/x) o6 = (T/[G, T], G/[G, G], /x). For each n > 1 the n th CCG 
homology of (T, G, /i) is the crossed module 

H^ CG (T, G, /*) = ff n _i(G.(T, G, M ) ah ). 

If (^4, £?, (5) is an abelian crossed module (that is A and -B are abelian groups and 
B acts trivially on A), for each n > 1 the n th CCG cohomology of (T,G,fi) with 
coefficients in (A, £?, S) is the abelian group 

H% CG ((T, G, /i), (A, 5, 5)) = P^HomcMfG.fT, G, /x), (A, B, 8)) £* 

= iJ" 'HomAb cm (G, (T, G, p) o6 , (A, 5, 5)). 

1.3. Crossed modules as category of interest. It is a known fact that the 
category of cat 1 -groups is a category of groups with operations in the sense of [T5|. 
Recall that this consists of the following data: a category of groups with a set of 
operations Q = U fli U fl 2 where fli is the set of i-ary operations in such that 
the group operations of identity, inverse and multiplication (denoted 0,—,+) are 
elements of f2o, fii, ^2 respectively; one has fio = {0} and certain compatibility 
conditions hold (see [HJ\); finally there is a set of identities E which includes the 
group laws. 

In the case of cat 1 -groups, fio = {0}, fli = { — } U {do,d\}, Q 2 = {+} and E 
consists of the group laws and of the identities J3J). The compatibility conditions in 
this case are that do, ^i commute with +, hence they are group homomorphisms. 
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In the category of cat 1 -groups we therefore have the notions of singular object, 
module, semidirect product, derivation. For a discussion of these notions in any 
category of groups with operations see for instance and |19| . 

A cat^group (A, do,di) is a singular object if A is an abelian group. The cor- 
responding crossed module is then an abelian crossed module. Given a cat^group 
(G, soi Si), (A, do, d\) is a (G, so, si)-module if (A, do, d±) is singular and there is a 
split extension of cat 1 -groups 

(A, do,dx) >-> (Q,Sq: s i) ^ (G, s ,si). 

This split singular extension induces an action of (G, so, s\) on (A, do, d\); a deriva- 
tion D from (G, sq, Si) into (A, do,d\) is a group derivation from G into A which 
commutes with the 1-ary operations lu G f2i\{ — }, that is such that Dsi = diD for 
i = 0,l. 

Since CM is equivalent to the category of cat 1 -groups, it can be considered itself 
as a category of groups with operations. Moreover, since CM is tripleable over Set 
and the set of 2-ary operations just consists of group multiplication, it is in fact a 
category of interest in the sense of [E]- In this paper we shall use the interpretation 
in terms of extensions of the first and second cotriple cohomology in a category of 
interest given in |21| . 



1.4. Crossed modules in the category of cat 1 -groups. Let C X Q denote the 
category of cat 1 -groups and C 2 Q the category of cat 2 -groups; we refer to ^5] for 
the definition of cat 2 -group. Since C X Q is a category of groups with operators, 
from JHI the category CM(C 1 5) of crossed modules in C X Q is equivalent to the 
category Cat^Q) of internal categories in C l Q. On the other hand there is an 
equivalence of categories between Cat(C l Q) and C 2 G, as explained for instance in 
the proof of ^| 1-6, Proposition 1.2.3]. It follows that CM(C 1 5) is equivalent to 
C 2 Q. The correspondences giving this equivalence of categories can be easily made 
explicit from \F£\ and ^Oj- The category C 2 Q of cat 2 -groups is also equivalent to the 
category Crs 2 of crossed squares, Hence there is an equivalence of categories 
between CMfC 1 ^) and Crs 2 . The correspondences giving this equivalence can be 
described explicitly as follows: 

Lemma 1. 

a) Let ((iJ,<io,di),(-ff',<io,rfi),Q!) be an object o/CMfC 1 ?). Let (T,G,/x) and 
(T',G',fjf) be the crossed modules corresponding to (H,do,di) and (H' , d' , d[) re- 
spectively. Then the following is a crossed square 

h:GxT'^T 
h(g,t') = (l,g) Wfrg- 1 ) 




UxG 



where '^(l,g 1 ) is the crossed module action of H' = T' y\ G' on H = T xi G. 
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b) Conversely, if 



T T' h:T' xG -> T 



G > G' 

(3 

is a crossed square, the corresponding object of CM(C 1 ^) is 

(T x G, d , di) (T' x G', d' , d' x ) 

where d (t,g) = (l,g), d 1 (t,g) = {l,[x(t)g), d' {t',g') = (l,g'), d'^t^g 1 ) = 
(l,H(t')g') for all (t,g) ET x G, (t',g') E T' X G' and the action of T' x G' on 
T x G is given by 

( t '^(t,g) = ( t '(°'t)h(t',9'g), °'g) 
for all (t', g') E T' x G' , (t, g) ET x G. 

Proof. It follows from the correspondences giving the equivalence of categories 
between CM(C 1 5) and C 2 Q (see [B] and [TO]) and between C 2 Q and Crs 2 (see 
USD- □ 

2. Definition of the (co)homology and elementary properties 

In order to define our (co)homology theory, we first introduce Der and Diff 
functors on the category of crossed modules. We can do so in two equivalent ways, 
working directly in the category CM or working in the equivalent category of cat 1 - 
groups. We shall illustrate both ways in some detail. While the first one may be 
slightly more transparent, the reason we write explicitly the derivation functor in 
cat 1 -groups is that viewing our (co)homology theory as (co)homology of cat 1 -groups 
will allow us to apply in the next sections the interpretation in terms of extensions 
of the first and second cotriple cohomology in a category of interest |2] ■ 

Let $ = (T, G, n) be a crossed module, A an abelian group. The abelian crossed 
module (A, 1,0) is a ^-module if and only if there is a split extension of crossed 
modules 

(A,1,0)^(T',G',v')^(T,G,li) (6) 
Since the base group of the crossed module on the left is 1 the morphism (T', G', /.i) — » 
(T, G, n) is an isomorphism at the level of base groups and so we can assume G' = G. 
Also observe that the section in © gives, by conjugation on T', an action of T on 
A, hence T 1 = A x T. So we can assume that the sequence © has the form 

(A,l,0)~{AxT,G,ii')5(T,G,n) 

where the morphisms on the left and on the right are the canonical inclusion and 
projection respectively. The action of G on A x T induces an action of G on 
A; in fact, since (pr T ,idc) is a map of crossed modules, pr T ( 9 (a, 1)) = 1 for all 
g E G, a E A. Also, since the splitting (iT,idc) is a map of crossed modules, 
(0, H) = 9 (0,t) for all g E G, t E T. It follows that, for all g E G, t E 
T, Jl(a,t) = s(a,i) = 9(a,l) s (0,£) = ( 9 a,l)(0, 9 t) and Jl(a,t) = /x(t). 

Requiring that the Peiffer identity holds for the crossed module (A x T, G, ft) an 
easy calculation shows that for each a, a' E A, t, t' E T 

u(t) I t I tt't^ 1 

^ 'a = a + a — a. 
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It follows that for each a E A, t E T. Hence A is a 7ri-module, 

where tti = G/fi(T). We denote A x $ = (A x T,G,Jj). From a general fact in 
algebraic categories, 

Der($, (A, 1,0)) S Hom CM /*($, ^ * 

Since i x $ = (A x T,G,J1) it is straightforward that Hom C M/*($i -A X $) = 
Hom G (T, A), where Hom G (T, A) is the group of G-equivariant homomorphisms 
from T to A. In conclusion we obtain 

Der((T, G, /*), (A, 1, 0)) S Hom G (T, A). (7) 

The same procedure can be repeated in the equivalent category of cat 1 -groups; let 
(T x G,d,s), (A, 0,0) be the cat 1 -groups corresponding to the crossed modules 
(T,G,/j) and (A, 1,0) respectively. It is easy to see that (A, 0,0) is a (T x G, d, s)- 
module if and only if there is a split extension of cat ^groups 

(A, 0, 0) >-> (A x (T x G), d', s') ^ (T x G, d, s) 

where d'(a,(t,g)) = (0,d(t,g)), s'{a, (*, g)) = (0, s(t, g)), a E A, (i, 5 )eTxG. 
Requiring that the identity [kerd 1 , ker s'] = 1 holds, an easy calculation shows that, 
for each a, a' € A, t,t' e T 

a+ (t,i) '_ (*'^(*')- 1 ) a _ a ' = . 

It follows that a = (^a = C 1 ^W)a for each a £ 4, t £ T. Thus T x G acts on A, 
T x 1 and 1 x /i(T) act trivially on A, so A is a TTi-module, = G//i(T). 

From ^7j a derivation from (T x G, d, s) into (A, 0, 0) is a map D : T x G — » A 
which is a group derivation and such that it commutes with the 1-ary operations 
w € Hence D(d(t,g)) = D(s(t,g)) = for (t,g) E T x G, so that 

-D(l, <?) = for every g E G. 

In conclusion 

Der((T x G, d, s), (A, 0, 0)) ^ {D E Dcr(T x G, A) | D(l, G) = 0}. (8) 

The two approaches are clearly equivalent. In fact there is an isomorphism 

a: {De Der(T x G, A) | L>(1, G) = 0} -> Hom G (T, A) 

given by a(D)(t) = Z?(i, 1), as easily checked. This motivates the following defini- 
tion. 

Definition 2. Let $ = (T, G, /z) 6e a crossed module, A an abelian group, m = 
G/fi(T). We say that $ acts on A if A is a ix\-module. In this case we define 

Der($, A) = {D E Der(T x G, A) | D(l, G) = 0} ^ Hom G (T, A). 

where Der(T x G, A) denotes group derivations from T x G mto A and i/ie action 
ofTxGonAis given by (t,g)a = 9 ^ T " l a. 

Similarly if $ acts on A we have a contravariant functor Der(-, A) : CM/$ — > Ab 
on the slice category; in fact, given an object <&' — > $ of CM/$, the action of $ 
on A induces an action of on A. When the context is clear, given an action of 
$ on A we will write Der(<j>' — ► $, A) as Der($', A). 

Given a crossed module $ — (T, G, /i) let Jt g be the ideal of Z(T x G) generated 
by -(1,1) | l^eG}. Then ' 

Der($, A) S Hom z(T>jG) (^p£l, a) = Hom Zffl (Ztq^^g) ^p°l,A). 
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This motivates our next definition. 

Definition 3. Let $ = (T, G,/x) be a crossed module. Define 

Diff <f> = Z7Tl® Z(T)<G) — ^ 

For a crossed module $ acting on the abelian group A, we denote Diff ($, A) = 
A^zm Diff Similarly we have a covariant functor Diff (-, A) : CM/$ — > Ab. 

The slice category CM/$ is tripleable over Set/W($) and we shall denote by G 
the corresponding cotriple. We now consider the cotriple (co)homology of <E> with 
coefficients in the $-module (A, 1,0). This is the left (resp. right) derived functor 
of the functor Diff (-, A) (resp. Der(-, A)) on the slice category CM/$ with respect 
to the cotriple G. 

Definition 4. Let $ = (T, G,/i) be a crossed module, A a ix\-module. Define for 
each n > 

A) = # n Der(G.$,A) 
£>„($, A) = iT„Diff (G.$,A). 

The following are elementary properties of the (co)homology which can be de- 
duced from well known general facts about cotriple (co)homology in an algebraic 
category [2]. In what follows a projective crossed module means a projective object 
in the category of crossed modules. 

Proposition 5. Let $ = (T, G, fi) be a crossed module acting on the abelian group 
A . Then 

a) A) = Dcr($, A), D ($, A) = Diff ($, A). 

b) If $ is a projective crossed module, 

D n ($, A) = 0, £>„($, A) = /or eac/i n > 0. 

c) ^4ny s/iort eiaci sequence of ni-modules — > A — > A' — > A — > induces long 
exact (co)homology sequences 

>£>"($, A) -> £>"($, A') ->£>"($, A") -^ZT +1 ($,A) • • ■ 

> £>„($, A) -£>„($, A') -> £>„(*, A") -> £>„_!($, A) -» ••• 



3. (Co)homology of aspherical crossed modules 

A crossed module $ = (T, G, /i) is called aspherical when the map fi is injective. 
The category of aspherical crossed modules is isomorphic to the category of surjec- 
tive group homomorphisms. Given a surjective group homomorphism / : G — ► G' 
the corresponding aspherical crossed module is (kcr/, G, i) and will be denoted 
by If <&/ acts on the abelian group A, then A is a ZG'-module as well as 
a ZG-module via /. We say in this case that A is an f -module and we denote 
Der($/,A) =Der(/,A), Diff <f> f = Diff /. 
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Lemma 6. Let f : G — » G' be a surjective group homomorphism, N — kerf, A 
an f -module. Then 

a) Der(/,A)SHom ZG /(AU,A), Diff / S N ab . 

b) Suppose that there is a group homomorphism f : G —> G with ff = id. Then 
there are short exact sequences 

-> Dcr(G", A) -> Der(G, A) -> Der(/, A) -> 
-> A<g> ZG /Diff / a® zg :j g -» A® ZG ,:J G , -> 0. 

Proof. 

a) Let a : Der(/, A) — > HomzG'(-^a6, A) be defined by 

a{D)(n[N,N]) = D(n,l), n G iV. 

It is straightforward that a(D) is well defined; it is also a ZG'-homomorphism since, 
for each g' = f(g) G G', n G iV 

«(0)(fl' • n[iV,iV]) = a^Cgng- 1 ^,^]) = D((l, g)(n, 1)(1, <r x )) = 

= (1) g)D(n, 1) = g'a(D)(n[N, N]). 

Let /3 : Hom ZG /(AT a6 , A) -> Der(/, A) be defined by 

g) = <p(n[N, N}), (n, g) e N x G. 

Then f)(<p) is a derivation and /3(<p)(l,G) = . We have a /3(<£>) (n[N, N]) = 
(3(<p)(n,l) = if(n[N,N]) for each n E N; for each D G Der(/,A), (n,p) G N x: G 
it is /3a(D)(n, g) = a(D)(n[N, N]) = D(n,l) = D(n,g). Thus a and /? are inverse 
bijections and Der(/, A) = Homz G '(^V Q b, A). Since this isomorphism holds for each 
ZG'-module A, Yoneda Lemma implies Diff / = N a b. 

b) Let a : Der(G, A) -> Der(/,A) be defined by a(D)(n,g) = D(n), D G 
Der(G, A), (n,g) G A x G. If £ G Der(/,A) , let D(g) = ^/'/(ff -1 ), 1), je& 
For each <?i , #2 G G 

admf'fig^f'fig^),!) = e((i,si)aa/7(ff 3 - 1 ),i)(i > 5r 1 )(fli/ / /(9r 1 ) > i) - 
= e(si/7(sr 1 ).i) + (i,si)^(fl2/7(93' 1 ),i). 

This shows that Z? is a derivation. Also, (aD)(n,g) = D(n) = £(n, 1) = £(n, g) so 
a is surjective. Exactness at the other terms is straightforward and b) follows for 
the cohomology case. 

From the well known exact sequence N ab >— > ZG'<8) ZG J G 3 G < and from part 
a) we obtain the exact sequence 

A® ZG ,Diff / ^ A® ZG 3 G ^ A®z G ,3 GI -» 

where (3'(a <g> n[N, N]) = a ® (n - 1), a G A, n G iV, a' (a ® X)i h(9i - 1)) = 
a ® Hf(9i) - 1), a e A, fe 4 e Z, 1 ^ & G G. Let 7 : A® ZG 3 G -> A® ZG ,Diff / 
be defined by 

7 (a® J2Mgi-l))=J2 i a®x i (f'f(gr 1 )g i )[N,N] 

for a G A, i.eZ, 1 ^ & G G. Then ^(3'{a®n[N, N]) = 7(a®(n-l)) = a®n[A, A] 
for each a £ A, n G AT, so j(3' = id. It follows that ker/3' = and b) is proved. □ 
We recall the notion of relative group (co)homology in the sense of |14| . Let 
/ : G -* G" be a surjective group homomorphism and A an /-module. Let 
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C*(G,A) and C*(G,A) be the standard (co)chain complexes for computing group 
(co)homology. For each n > define 

H n (G',G;A) = H n coker(C*(G',A) >~>C*(G,A)) 

H n (G',G;A) = H n kei(C*(G,A) -» C*(G',A)). 

Notice that this definition differs from the one in ^1] by a dimension shift of 1. 

Theorem 7. Let f : G — > G' be a surjective group homomorphism, A an f -module. 
Then 

D^ f ,A)^M{^ n = I> n (*/,W Diff(/ ' A) n = ° 

V 1 ' \H n+1 {G\G;A) n>0 V " ' [H n+1 (G' ,G; A) n>0. 

Proof. Let G.$/ = (T.,G.,i.), 5. = G./i.{T.) and ip, : G, -» S. be the 

quotient maps. Since <&/ is aspherical, from 0] T. — > ker/, G. — s- G, S*. — > G' 
are free simplicial resolutions and there is a short exact sequence of free simplicial 
groups T, >— > G. -» S». Let _L be the free cotriple on Groups and _L./ : _L.G -» 
_L.G' the induced homomorphisms. Since, for each n, ip n and _L„/ have a section, 
from Lemma there is a commutative diagram of cochain complexes 

► Der(S.,A) ► Dev(G.,A) »■ Der(ip.,A) ► 

— ► Der(±.G',A) — ► Der(_L.G, A) —» Der(±./,A) —» 0, 

where ~ are cochain homotopy equivalences. Taking the corresponding long exact 
cohomology sequences in each row and applying the five Lemma we deduce that 

H n T>eT(ip.,A) S iJ"Der(_L./, A) 

for each n > 0. On the other hand there is a commutative diagram of cochain 
complexes 

— - Der(J_.G',A) — ► Der(±.G, A) — » Der(±.f,A) - 

- G*(G',A) C*{G,A) cokera. 0, 

where Der(_L.G, A) -> G*(G,A) and Der(±.G',A) -> G*(G',A) are the natural 
cochain maps of the Barr-Beck theory which induce isomorphisms in cohomology 
(see |21 )■ Taking the long exact cohomology sequence in each row of the above 
diagram and applying the five Lemma we deduce that for each n > 

H n Bei(±.f,A) S ff n+1 cokera. = H n+1 (G, G';A). 

The argument for homology is similar. □ 

4. Further properties of the (co)homology 

4.1. The relationship with CCG (co) homology. In the next proposition we 
establish the relationship between the (co)homology theory defined in Section 3 
and the one in For a crossed module (T, G, fx) let £(T, G, fi) = T. 

Proposition 8. Let $ = (T, G,/i) be a crossed module, A a trivial ix\-module. 
Then for each n > 

D n (<&, A) = Hc~c~ G ((T, G,/x), (A, 1, 0)). 
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Suppose further that A = 7h. Then for each n > 

Z) = C-ff^+i G (T, G, n). 

Proof. Let G.(T,G,ju) = (T.,G.,i.), 5. = G./i.(T.). Since the action of 7ri 
on A is trivial, using Lemma and the well known isomorphism T n /[G n ,T n ] = 
%'S>zs rl (Tn)ab, we obtain for each n > 

fl&yCT, G, M ), (A, 1, 0)) = "Hom AbCM (( |g^J ' [G~fej ' **) ' (A lj ° } ) " 
Si g"Hom z ^ G T ' T ,A) S i7"Hom z (Z® z , 1 Z 7 r 1 ® zs .(T.) Qb , A) = 
i7"Hom Z7ri (Diff G.$, A) = A). 



!>„(*, Z) = F n (Z® Zwi Diff 6.$) = H"n(Z®z wl Z7ri® zs .(T.) ob ) = H, 

T. G. 

■[G, ,T,] [G. ,G»] 



[G.,T.] 



Hn[ C ( ?77~Vt > T7r~77T > *• ) ) =C^n(r.,G.,z.)a h = C^i G (T,G ;Ai ). 



□ 



4.2. Interpretation of the first and second cohomology group. Let $ = 

(T, G, jtx) be a crossed module acting on the abelian group A. We shall need a 
notion of singular and two- fold special extensions of (T, G, //) by (A, 1,0). 

Definition 9. Let $ = (T, G, /i) be a crossed module acting on an abelian group 
A. 

i) A singular extension of (T, G,/i) by (A, 1,0) is a s/iort esact sequence of 
crossed modules 

(A, 1, 0) >-» (T' 5 G, //) (/ '^ G) (T, G, /x) (9) 
smc/i i/ia£ £/ie corresponding short exact sequence of cat 1 -groups 

(A x 1, 0, 0) ~ (T' x G, d', s') (/ ^ G) (T x G, d, s) (10) 

is a singular extension o/(TxG, d, s) by the (TxG, d, s)-module (Ax 1, 0, 0) 
in the sense of categories of interest |21| . 

ii) A 2-fold special extension of (T,G,ii) by (A, 1,0) is an exact sequence of 
crossed modules 

(A, 1,0) A (T", G".ji") (a 4 ] (T", G', m') ( - (T, G, (11) 
smc/i i/iai i/ie corresponding exact sequence of cat 1 -groups 

{A x 1, 0, 0) A (T" x G", d", s") (< ^ 3 (T' x G', d', s') ( ^ (T x G, d, s) (12) 

is a 2-fold special extension of (T x G, d, s) &?/ i/ie (T x G, d, s) -module 
(A x 1,0,0) in i/ie sense of categories of interest |21| . 

We now give a more explicit characterization of singular and 2-fold special ex- 
tensions of (T, G, /i) by (A, 1,0). 

Lemma 10. Let $ = (T, G, fi) be a crossed module acting on the abelian group A. 
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i) A singular extension of (T,G,n) by (A, 1,0) consists of a short exact se- 
quence of crossed modules such that if f : T —* T' is a set map with 
ff = id T , it is 

f(t)af(t- 1 )=a, " a= M a (13) 

for all g G G, a G A, where [g] — gfJ-(T) G 7r 1; is the given / K\-module 
action on A and 9 a is given by the crossed module action of G on T' . 

ii) A 2-fold special extension of (T,G,fi) by (A, 1,0) consists of an exact 
sequence of crossed modules where 

t" — r h-.r x g" -> t" 



H (14) 



G" * G' 

P 

is a crossed square and if f : T — > T' , r' : G — » G' are set maps with 
ff = idx, rr' = idc, then for all g G G, t G T , a G A 

r'(g) a= W 0j /'W a = a. (15) 

i/ere [g] = gfi(T) G 7Ti, ' 5 'a is the given ni-module action on A while r 
(resp. ^ d'a) is the action of G' (resp. T 1 ) on T" in the crossed square 

03). ' 

Proof. 

(i) By definition JjJ} is a singular extension of crossed modules if and only if the 
corresponding extension of cat 1 -groups (|10fl is a singular extension in the sense of 
categories of interest. By definition this means that the induced action of (T xi 
G, d, s) on (A x 1, 0, 0) coincides with the given action, that is 

(f(t),g)(a,l)(f'(t),g)- l = ^(o.l). 
An easy calculation shows this is equivalent to 

(f'(t) fa/'r 1 ),l) = ( [9l «,l). 
Hence for alH G T, g e G, A e A, 

f'(t) 9 af'(t- 1 )= Ma. (16) 

It is immediate to check that 1)160 is equivalent to l|13|) . 

(ii) By definition l|ll|) is a 2-fold special extension of crossed modules if and only 
if the corresponding extension of cat 1 -groups i|12[l is a 2-fold special extension in 
the sense of categories of interest. By definition (see [23 ) this means that 

a) (A x 1, 0, 0) is a (T xi G, d, s)-module, 

b) ((T" x G", d", s"), (T' x G", d! , s'), (a, 0j) is a crossed module in the cate- 
gory of cat 1 -groups, 

c) (Ax 1, 0, 0) (T" x G", d", s") is a morphism of (T' x G', d' , s')-structures, 
where (T> x G',d',s') acts on (A x 1,0,0) via (f,r). 

Condition b) and Lemmas imply that 114|) is a crossed square, and the crossed 
module action of T" x G' on T" x G" is given by 

{t '' 9 ' ) (t",g") = C'( 9 't")h(t',9'g"),9'g"). (17) 
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It easily checked that condition c) is equivalent to requiring that the induced action 
of (T x G,d,s) on (A x 1,0,0) given by ^ ^'(a, 1) coincides with the given 
action which is ( ^a, 1). Hence by Ijl7(l we obtain 

(f'^C'^a)h(f'(t),l),l) = ( [3] a,l) 

for all t G T, g e G , a £ A. From the axioms of crossed squares h(f'(t), 1) = 1, 
hence the above is equivalent to 

/'(*)( r' (9) fl ) = [ 3 ] a ( 18 ) 

for all t S T, g S G , a € A. It is straightforward that H18[) is equivalent to (|15fl . □ 

Two singular extensions of (T, G, n) by (A, 1,0), 

(A,l J 0)~(2? J G jA O-»(r,G,/i) 

i = 1, 2 are congruent if there is a morphism of crossed modules V 1 : (^ij G, Mi) — > 
(Tjj, G, /U2) such that the following diagram commutes 

(A, 1,0) ~ (T^C/ii) — (T,G, M ) 

(A, 1,0) — (T 2 ',G,// 2 ) — (T,G, M ). 

It follows that ^ is an isomorphism. Hence congruence defines an equivalence 
relation on the set of singular extensions of $ by (A, 1, 0) and we can consider the 
set of equivalence classes £ 1 {$,A). This is an abelian group with Baer sum, the 
zero element being the class [(A, 1,0) m4xi$-»$], 

Two 2-fold special extensions of $ = (T, G, /1) by (A, 1, 0) are related if there is 
a morphism 



(A, 1,0) — (TMVJ 



CM, M i) 





- (T,G,/i) 



(A, 1,0) — (T^Gl^) — (T^G' 2 ,fj,' 2 ) — (T,G, M ) 

such that (a, /?) is a morphism of crossed squares. This relation generates an 
equivalence relation and we denote by £ 2 (&,A) the set of equivalence classes of 
2-fold special extensions of $ by (A, 1,0). This is in fact an abelian group with 
Baer sum |21) . 

Proposition 11. Let $ be a crossed module acting on the abelian group A. There 
are isomorphisms of abelian groups 

D 1 {$,A) <=*£ l ($,A) 
L> 2 ($,A) £ 2 (<f>,A). 

Proof. From Section 2, the cohomology Z)*($, A) is cotriple cohomology in the 
category of interest CM with coefficients in the ^-module (A, 1,0). The interpre- 
tation in terms of extensions of the first and second cotriple cohomology in any 
category of interest can be found for example in |21| . The result is thus a direct 
specialization of [21 Theorem 2.1.3, Proposition 2.1.5, Theorem 2.2.3, Proposition 
2.2.4 1. □ 
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If / : G —> G' is a surjective group homomorphism and A is an /-module, from 
Theorem 0and Proposition we deduce that 

H 2 (G', G; A) = £ 1 (<f>/, A), H 3 (G',G;A) ^£ 2 ($ f ,A). 

We observe that the first of these isomorphisms recovers a result of ^1] . We notice 
in fact that the group (<£>/, A) is isomorphic to the group of relative extensions 
of (G', G) by A; these consist of exact sequences of groups 

0-t4-»MiGiC-tl 

such that /x is a crossed module and the induced action of G' on A coincides with 
the given one. A congruence of relative extensions is a commutative diagram 

-> A -> M A G -> G" -» 1 

o^a^qAg^g'^i 

such that (V'^dc) is a morphism of crossed modules. Let £xt(G' ,G; A) be the set 
of equivalence classes, made into an abelian group as in |14j . There is a map of 
abelian groups a : £xt(G', G; A) -> £ A) 

a [0 -> A M A G A G' -> 1] = [(A, 1, 0) w (M, G, /i) -» (ker /, G, i)] . 

It is immediate to check that a is well defined and that it is a bijection. 

The interpretation of H 3 (G', G; A) in terms of equivalence classes of 2- fold spe- 
cial extensions of (ker/, G, i) by (A, 1,0) does not seem to have been given in the 
literature as far as the author knows. Notice that the identification of relative 
group cohomology with cotriple cohomology of a crossed module also allows to give 
a simplicial interpretation of H n (G,G';A) for any n by direct application of the 
results of [§]. 

4.3. Universal coefficient formulae. We shall establish universal coefficient for- 
mulae for the (co) homology of a crossed module $ acting trivially on an abelian 
group A. 

Theorem 12. Let $ = (T, G,/i) be a crossed module acting trivially on an abelian 
group A. Then there are short exact sequences 

— ► Ext|(i?7i-i($, Z), A) — ► D™($, A) — > Homz(D„($, Z), A) — ► 

— > D„($,Z)(g)z^4 — » D„($,j4) — > Torf (D„_i($,Z), A) — > 0. 

Proof. Since the action of <& on A is trivial, from Proposition 00 wc know that 
£>"($, A) (A, 1,0)) and £>„($, Z) = C-ff^+i G ($). 

Since Z has global dimension 1, there exists a resolution A — > 7* of A by injective 
Z-modules with J m = for m > 2; then (A, 1,0) — > (7*, 1,0) is an injective 
resolution of (A, 1,0) which satisfies the hypotheses of [1] Theorem 18 (iv) ]. The 
cohomology universal coefficient sequence then follows from Theorem 18 (iv)]. 

For the homology case, denote = G.$ and let tp, m be the double complex of 
abelian groups 

(p.. = P.^z^Diff $. 
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where P. — * A is a projective Z-resolution of A with P„ — for n > 1 (such 
resolution exists since Z has global dimension 1). For any crossed module <E> acting 
trivially on A, since Z® Z7ri Diff $ = D ($,Z) = C-fff 70 * = C$ah we have 

In particular 

P.® Z7ri Diff = P.®zC($.)ab- 

Since D 1 ( < i> g , A) = for each q, from the cohomology universal coefficient sequence 
and from Proposition |H1 we obtain Ext z (£(<&g) a f,, A) — for every abelian group A. 
It follows that ((&q)ab is a projective Z-module. Therefore 

^(P.^Difr *,) S i/;(P.®zC(*?)ab) = 

'A® Z7ri Diff $ g p = 0, 



-Tor^(C($ g )ab,A)- 
Taking homology again we obtain 

p^#;(p.® Z7ri Diff$. 



o p > o. 



A) p = 0, 
p > 0. 



Therefore the spectral sequence 

H%HZ(<p. m ) ^H p+q Tot<p.. 

collapses, giving H n Tot ip„ = D n (Q, A) n > 0. Consider the second spectral 
sequence 

Fixing p and taking homology we have: 



#£(p p ® Z7ri Diff s ^(p P ®zC(*.)ab) = p p ®zir^c(*.: 



ab 



P a , ff <7<7Gf r *x ~ J P P ®z0,(*> Z) p = 0, 1, 



Taking homology again: 



10 p > 1. 

So we obtain a universal coefficient spectral sequence 

which has £L = for p / 0, 1. 

Therefore there are short exact sequences — > — > 7?„Tot y>„ — > Ef n _ 1 — > 0, 

i.e. 

— > D n {<&,2)®zA — > £)„($, A) — > TorJ(D n _i($,Z),A) — > 0. 

□ 
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5. The relationship with the (co)homology of the classifying space. 

In JI] the (co)homology of a crossed module <E> with coefficients in a 7ri-module 
A is defined as the (co)homology of the classifying space B(&) of the crossed module 
with coefficients in the local system corresponding to A. We recall the algebraic de- 
scription of this (co)homology. This is a special case of a more general construction, 
which is well known. 

If G* is a simplicial group and A is a 7To(G*)-module, since iriBG* = ttqG*, A is 
a local system on the classifying space BG* of G*. There is an algebraic description 
of the (co)homology H« (£?G* , A) and H*(BG*, A). If G*(G,A) (resp. C*{G,A)) is 
the standard chain (resp. cochain) complex for computing group homology (resp. 
cohomology) then there are isomorphisms (see for instance Lemma 5.1]): 



i?*(Tot(G*(G*, ^4)) = H*(BG*, A), * (Tot (G*(G*, A)) = H*(BG*,A). (19) 



If G* — > H„ is a map of simplicial groups which is a weak equivalence, that is such 
that it induces isomorphisms of homotopy groups, and A a 7To(G*)-module, then 
the induced maps H*(BG*,A) -> H*(BH*,A) and H*(BG*,A) -> H*(BH*,A) 
are isomorphisms. 

Let A r ~ 1 (T, G,/x) be the simplicial group whose Moore complex has length 1 
corresponding to the crossed module $ = (T, G, n) as in Section 1. Taking G* = 
A r ^ 1 (T, G, fi) in ljT9"|) we obtain the algebraic description of the (co)homology of 
the classifying space of the crossed module. If a morphism of crossed modules 
a : $ — > $' is a weak equivalence then the (co)homology groups of the classifying 
spaces of $ and <!>' with coefficients in a 7Ti-module A are isomorphic. 

Our main result in this section is that the (co)homology of crossed modules 
defined in Section 2 is related by a long exact sequence to the (co)homology of 
the classifying space of the crossed module. In proving this result, we also give a 
simplicial description of the (co)homology of the classifying space. An application 
of this will be given in Section 7. 

In the second part of this section we give an alternative description of the 
(co)homology £'*($, A) and £>*(<£>, A) without using cotriples. 

Theorem 13. Let <f> = (T, G, fi) be a crossed module, A a ni-module. Let (G,<f> = 
(T.,G.,/z,) and S, = G./ fi,(T m ). Then 

i) BS. and _B$ are weakly homotopy equivalent. 



► D n ($,A) —* H n+ i(G,A) — » H n+ \{B{T,G, n),A) 

-> D n _i($, A) -> > A® Z7ri Diff $ -> A® Z7ri Diff G — > 

-> A(g) Z7ri Diff 7Ti -» 
-► Der(7ri, A) -> Dcr(G, A) -> Der($, A) -> H 2 (B(T, G, /x), A) 
-^ff 2 (G,A) — s- D x ($, A) -» ••• 




n > 0, 
n = Q, 



n>0, 
n = 0. 



iii) There are long exact (co)homology sequences 
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Proof. 

(i) Let sCM be the category of simplicial crossed modules, SimplSet (resp. 
Simpl 2 Set) the category of simplicial (resp. bisimplicial) sets. Let N^r 1 : CM — > 
SG<i be as in HI. II and let TV : SG — > SimplSet be the functor associating to a 
simplicial group the diagonal of the bisimplicial set obtained by forming the nerve 
of the group in each dimension of the simplicial group. The composite Afo N^ 1 is a 
functor CM — > SimplSet. By definition, the classifying space of a crossed module 
<f> is the geometric realization of the simplicial set AfN^ 1 ($). Given a simplicial 
crossed module, we can apply J\f o N^ 1 in each dimension to obtain a bisimplicial 
set. Hence we have a functor F : sCM — ► Simpl Set. 

Consider in particular the simplicial crossed modules G.$ = (T,,G,,/i.) and 
$ = (T, G, /i) (the second is a constant simplicial crossed module) . 

We claim that F(G.$) — > F($) is a pointwise weak equivalence of bisimplicial 
sets in the sense that all the maps F(G,G>)* m — > F($)* m are weak equivalences of 
simplicial sets. In fact, denoting by {•} the one point set 

(FG.$) nm = {MN;\T n ,G n ,Vn)) 

{F^) nm = (tfN- l (T,G,n)) 

By the properties of the cotriple resolution G.$ 4 , G. — > G and T. — > T are 
free simplicial resolutions of groups, therefore T™ x G™ — * T m x G™ is a weak 
equivalence in SimplSet, hence for each m, F(G.$)„„ — > .F($)* m is a weak equiv- 
alence of simplicial sets, that is — > is a pointwise weak equivalence 
in Simpl 2 Set. It is proved in (TJ Ch. IV, Proposition 1.7] that if / : X -> Y is 
a pointwise weak equivalence of bisimplicial sets, in the sense that all the maps 
/ : X m — > Y" m are weak equivalences of simplicial sets, then the induced map 
/* : diag (X) — > diag (F) of associated diagonal simplicial sets is a weak equiv- 
alence. It follows that diagi r (G.$) — > diagi 7 '(<I>) is a weak equivalence in Sim- 
plSet, so that the respective geometric realizations |diagF(G.$)| and |diagF($)| 
are weakly homotopy equivalent. 

Recall (see for instance [231 p. 94]) that the geometric realization |diagX| of the 
diagonal of a bisimplicial set X is homeomorphic to the geometric realization of 
the simplicial space obtained by taking the geometric realization in vertical direc- 
tions and is also homeomorphic to the geometric realization of the simplicial space 
obtained by taking the geometric realization in the horizontal directions. Hence 
diagF(G.$)| is homeomorphic to the geometric realization of the simplicial space 
{\AfN~ 1 (T n ,G n ,n n )\} = {B(T n ,G n ,/i„)}; but since each crossed module (T n> G n ,fi n ) 
is aspherical, B(T n ,G n , fx n ) = B(l,S n ,i) = BS n . The geometric realization of 
the simplicial space {BS n } is homeomorphic to the geometric realization of the 
simplicial group S, , BS, . So in conclusion |diagF(G.$)| = BS,. 

On the other hand clearly |diagi ;l ($)| = so that B& and BS, are weakly 
homotopy equivalent, proving (i). 

(ii) It follows from (i) that for each n > 0, H n (B$,A) = H n (BS.,A). On the 
other hand we observe that for each n > 1 



{•} "i = 0, 

T™ 2 xG; m > 0. 

{•} m = 0, 

r ! x G m m> 0. 



H n (BS,,A) = H n -iDi& (S,,A) 



(20) 
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Ep q 



In fact, we can compute H n (BS,, A) as indicated in (|19J) . Since S m is free, — » 
3s m — ► ZiSm — > Z — > is a free resolution of the trivial SVn-module Z, hence 
C.(S m ,A) is the complex -» A(8) Z 5 m 3 Sm -> A -> 0. It follows that H*(BS.,A) 
is the total homology of the bicomplex ijj mm 



1 I I I 

A® ZS3 3 S3 — A® ZS2 3 S2 — A® zfifl J Sl — ^® ZSo a So — 

I I I I 

► A A - A ► A * 

| id | id | id j 



The spectral sequence of this double complex is 

{0 p = 0, q > or p > 1, 

i4 p = 0,^ = 0, 

i? g (v4®zs.?5.) j> = i, q > o. 

Therefore 

'o for 0,1 or p = 0, g > 

^gCAOzs.Js.) p=l, q>0. 
So there are short exact sequences — » "~ * H n Totip„ — > tl _ 1 — > and since 
E 0n = f° r « > and £ ; i jn _ 1 = ff«-i(A(8>zs. Js.) for n>lwe deduce 

H n (BS,,A) S ff„Tot^.. = = ff„-i(A® zs .3 s .) 

for n > 1, which is (gHJ}. It follows that if n Diff (S.,A) ^ if n+1 (B$, A) for u > 1. 

It remains to prove that HoDiff (S m , A) = Consider the following 

diagram: 

— .4® Z7ri Diff<Gi$ — A® Z7ri Diff Gi — A(g) Z7ri BiS Si — 

I I I 

— - A® Z7ri Diff G $ — ► A® Z7ri Diff G — - A® Z7ri Diff So — - 

I I I 

A® Z7ri Diff$ >► A® Z7ri Diff G — » A® Z7ri Diff tti — ► 

I I I 



The first two rows from the top are exact by Lemma We claim that the bottom 
row is also exact. In fact, it is straightforward to check that there is an exact 
sequence 

-► Der(7ri, A) A Der(G, A) Der($, A) (21) 

where a(D)(g) = D(gfi(T)), g G G, D e Der( 7 ri, J 4) and /3(D) = Ddi - Dd Q , 
di(t,g) = fJ.(t)g, do(t,g) — g, (t,g) 6 T X G. Consider the map 7 : Diff $ — » 
ZTTiigizG^G defined by 

7(2;® - e) ) = z® f ^ ai(di(yi) - 1) - ^ a>i(do(yi) - 1)) 
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x € Z7ri, e^j/j£TxG, a; e Z. By left exactness of Homz Tl (-, A) we obtain an 
exact sequence 

— > Hom Z7ri (coker7, A) -> Der(G,A) — > Der($, A). 

Since Hom Z7ri (7,A) = /3, (|21|l implies that Hom Z7ri (coker7, A) = Hom Z7ri ( , A) 
for every Z7ri-module A; hence cokei - 7 = J 7Tl and we have the exact sequence 

Diff $ -> Ztti® zg 3 g -> 3,,, ->■ 0. 

From right exactness of A(g) Z7ri - the claim follows. Since the first two columns from 
the left of the diagram are also exact, it follows from an easy diagram chasing 
argument that the third column is also exact. Therefore Ho(A^)^ l7V1 T)iS S,) = 
A<g>z7ri Diff 7Ti. The argument for cohomology is similar. 

(hi) From 0] T m — > T and G. — > G are free simplicial resolutions and there is a 

■0. 

short sequence of free simplicial groups T, w G, -» S|. From Lemma El we have 
short exact sequences of (co)chain complexes 

-> A<g> Z7ri Diff -> A® Z7ri Diff G. -> A® Z7ri Diff 5. -> 

-> Der(S„ A) -> Der(G.,A) -> Der(^.,A) -> 0. 

Taking the corresponding long exact (co)homology sequences and using (ii) we 
obtain 



— » D n ($,A) — > ff n+ i(G,A) — > i/„Diff (S., A) — > D„_i(<f>, A) -» 
A® Z7Tl Diff $ -> A® Z7ri Diff G -> HoDiff (S., A) -» 

-> i?°Der(S., A) -> Dcr(G, A) -» Der($, A) -> iJ 1 Der(S'., A) 
-^ff 2 (G,A) — * A) -> ••• . 



(22) 



(23) 



Since, from Proposition|Sl £>„(<&, Z) = (H^'^ (T, G, /i), the long exact homology 
sequences of Theorem ^] for the case A = Z recovers the result of [131 Corollary 4] 
which is established there via a different method . The following arc consequences 
of the theorem above. 

Corollary 14. Let $ = (T,G,fi) and $' = (T',G',//) be two crossed modules 
acting on the abelian group A. Suppose that there is a weak equivalence $ — * $' 
inducing isomorphisms ii/*(G,A) = H*{G' , A), H*(G,A) = H*(G',A). Then for 
each n > 

D n (<f>, A) = D n (<f>', A), A) = £)"($', A). 

Proof. By hypothesis there exists a crossed module homomorphism (/, g) : $ — ► <J?' 
inducing isomorphisms of homotopy groups. Let £5.$ = (T.,G.,/i.), G.$' = 
(r:,G'.,^), 5. = G.//z.(T.), Si = G:///.(T:). The homomorphisms G.(/,g) : 
G.$ — > G.$' induce homomorphisms S. — > S^. By LemmaElwe have a commuta- 
tive diagram of chain complexes 

► A® Z7ri Diff G.$ — A<g> Z7ri DiffG. — * A<g> Z7ri Diff S. ► 



A® M DiffG.$' — A® Zw; Diff G' m — A® z< DiffS: — 0, 
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where m and ir^ are the first homotopy groups of $ and $' respectively. Since $ and 
<&' are weakly equivalent, by Theorem IT31 H J A®% ni Diff ,9. ) = il* (A(g) Z7r j Diff S^). 
Taking the corresponding long exact homology sequence in each row of the above 
diagram and using the hypothesis that H*(G,A) = H*(G',A) we deduce by the 
Five Lemma that A) = D*($', A). The case of cohomology is similar. □ 

Corollary 15. Let $ = (T, G, /i) be a crossed module acting on the abelian group 
A, and = (R, F, 5) a crossed module weakly eguivalent to <J> with F a free group. 
Let m G/fi(T) F/5(R). Then 

H n+2 (B(<Z>),A) S £>„($', A), ff"+ 2 (5($), A) S A) 

/or eac/i n > 1 and 

H 2 (B($), A) = kcr(A® Z7ri Diff $' -> A® z?ri Diff F) 

H 2 (B(<f>),A) =coker (Dcr(F, A) -> Der($', A)). 

Proof. Apply Theorem HI using the fact that ff*(B($),A) S H*(B(&), A), 
#*(£($), A) = and H n (F,A) = H n (F, A) = for n > 2. □ 

Notice that, since Der($,A) = {D e Romg r (T,A) \ s£)(t) = D( 9 t)} from 
Corollarvll5lwe recover the result of |ITJ Theorem 6], which is established there by 
different method. Moreover, taking A = Z and using the fact that Z®^ Diff <!>' — 
R/[R,F] and Z<g) Z7ri Diff F = F/[F,F], we recover the Hopf-type formula for 
H 2 (B($),Z) first proved in Q31 Theorem 6]. 

Our aim in the remaining part of this section is to give a description of the 
(co)homology -D*($, A) and _D*($, A) without using cotriples. 

Let $ = (T,G,fx) be a crossed module. The inclusion (l,G,i) <— > (T,G,fx) 
induces an inclusion of simplicial groups A^~ 1 (l, G, i) —> A^~ 1 (T, G, fi). In turn this 
determines for each m, n an injection C m (N~ 1 (l, G, i), A) >— ► C m (N~ 1 (T, G, /x), A) 
and a surjection C m (N^ 1 (T, G, /i), A) -» G m (iV~ 1 (l, G, i),A). We therefore have 
an injective map of chain complexes of abelian groups 

TotC^N- l {l,G,i),A)^TotC^N-\T,G,ii),A) (24) 
and a surjective map of cochain complexes of abelian groups 

TotC*(N^ 1 (T,G,fi),A) -» TotC*(N~ 1 (l,G,i),A). (25) 
Denote by /?.(<&, A) the cokernel in J23J) and by /?*($, A) the kernel in (f25|) . 

Lemma 16. Let $ = (T, G, /i) 6e an aspherical crossed module with T, G, ~k\ free 
groups, and let A be a ■K\-module. Then 

H n p.($,A) = H n f3'($,A) =0 for each n ^ 2, 

# 2/ 3.($,A) ~Diff($,A), 

H 2 f3*($, A) = Der($, A). 

Proof. Consider the long exact homology sequence associated to the short exact 
sequence of chain complexes 

Tot G^iV-^l, G, i), A) »-» Tot C^N-^T, G, /*), A) -» /3.($, A). 

We have H n (G, A) — for n > 2 as G is free; since (T, G, //) is weakly equivalent to 
(l,7ri,i) and 7Ti is free, #„(£($), A) = # n (7Ti,A) = for n > 2 and/fi(B($), A) = 
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H\(tt\,A). Thus this long exact homology sequence gives H n j3, ($, A) =H n f3° (<E>, A) = 
for n > 2 and the exact sequence 

0^H 2 p.(Q,A) -+Hi(G,A) -+Hi(in,A) A) 

-+H a (G,A)^H a {nx, A) ^ H /3.($,A) ^ 0. 

Since H (G, A) = A G = A ni = H (iri,A) it follows that Hi(3.(<f>, A) = for i = 0, 1 
and 

fl 2J 8.($,i4)Sk B r(ffi(G,A) -^ffi(7ri,A)). 

On the other hand, since 7Ti is free, the five-term homology sequence associated to 
the extension T »— > G -» w± reduces to 

-> A®^ t T ab -» fli(G,A) -» fri(7ri,A) -» 0. 

Thus by Lemma El H2{3,(&, A) = Diff ($, A). The argument for cohomology is 
similar. □ 

Proposition 17. Let $ be a crossed module acting on the abelian group A. Then 
for each n > 2 

A)) S D n _ 2 ($,A), H n ((3'($, A)) = D n - 2 ($,A). 
Proof. Let G.$ = (T,,G,,i,) and consider the bicomplexes {"0p?}i {Xpg}j {£p?}> 

Ippq = /3q{{T p , G p , ip), A), 

Xpq = (Tota(JV- 1 (T pj G P) i p ),A)) 9 , 

£ M = (TotC*(JV- 1 (l.G P ,i),A)) g . 

We aim to show that for each n > 2 

H n Tot ip., = H n /3.($, A). (26) 

The morphism of simplicial crossed modules (T., G # , z.) — > (T, G, /i) and (1, G., i) — » 
(1,G, i) (here (T,G,fi) and (1, G, i) are thought of as constant simplicial crossed 
modules) induce morphisms of double complexes x»» ~ * Tot G»(AT~ 1 (T, G, jti), A) 
and — ► Tot G*(AT~ 1 (1, G, i), A). We claim that these morphisms induce iso- 
morphisms in the total homologies in dimensions n > 2. In fact if S» = G./i.(T.), 
the double complex x»» gives rise to a spectral sequence 

E\ q = fl,IbtC.(JV- 1 (Tp,Gp,i f ,) s A) = H q (B(T pi G p , i p ),A) £* 
^^(5(1,^,*), A) Sfr 9 (5 p> A), 

P9 _ P *q' 

On the other hand since each S p is a free group, the double complex a„ 



1 I I I 

> A® ZSa 3s 3 — - A® zs ^s 2 — A® ZSl 3 Sl — A® ZSo 3s — - 

I I I I 

► A ; » A ; » A ; A * 

j id | id j id j 
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gives rise to a spectral sequence with the same E 1 and E 2 terms, hence H n Tot a»» = 
HnTot As shown in the proof of theorem 1131 for each n > 2 H n Tota„ — 
H n ^ 1 (A® zs .3s.) and by Theorem H21 ii) i?n-i(A<g>zs.3<j.) S H n (B<S>,A); hence 
H n Tot X .. = H n (B$,A) = flnTotC^CJV-^T.G./iJ.A) for each n > 2. 
Similarly, since each G p is free, 



TotC*(N-\l,G.,i),A) q 



A q = 0, 

A®{A®zg^g.) q>0. 

Therefore gives rise to a spectral sequence 



E$ q = H p (TotC,(N-\l,G.,i),A)) q 



9 = 0, 

# P (A(g> ZG .:j G .) 9 >o. 



771^ it rpL 

^pq ~ ^q^p* 



H p [A® ZG J G .) q=l. 

It follows that, for each n > 2, H n Tot = E^_ l x = H n ^i(A®iG.^G.) — 
H n (G, A) = ifnTotC^AT-^ljG^A). This proves the claim. 

Consider the commutative diagram of short exact sequences of double complexes 
of abelian groups 

£.. ► X.. ■» ipm. 



TotC*(N^(l,G,i),A) — TotC^JV-^T.G.iiJ.A) — /3.((T, G, /i), A). 

Taking the induced long exact sequences in total homologies in each row of the 
diagram, from the claim and the Five lemma it follows that, for each n > 2 

ff„Tot V.. = H n f3.((T, G, pi), A) 

which is l(2T)|) . 

On the other hand, by LemmalTClthe double complex ip„ gives rise to a spectral 
sequence 



Epq = H q p,((T p , G p , i p ), A) 



q^2, 
Diff((T p ,G p ,i p ),A) q = 2 



so that 



Tp2 TT T^l 

pq I2 p rj *q 



q^2, 
H p DiS ((T.,G.,i.)» A) =D P {$, A) q = 2. 



Hence E pq H p+g Tot'0.. = H p+q /3,((T,G, n),A) collapses, giving 

H n 0.($,A) = E 2 n _ 22 = D n _ 2 ($,A) 

for n > 2. The argument for cohomology is similar. □ 

We notice that the description of the (co)homology A) and D*(Q, A) given 

in the above proposition gives rise to a version of Theorem 1131 (ii) , which differs 
from the previous one in low dimensions. 
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Corollary 18. Let $ = (T, G, jj,) be a crossed module, A a i:\-module. There exist 
long exact (co)homology sequences 

-> A) -> H n+1 (G,A) -> H n+1 (B(T,G,fj,),A) -> £>„_ X ($,A) -> 

> H 2 {G 7 A) — > i/ 2 (B(T, G, /i), A) -» A® Z7ri Diff $ -» 

-» fli(G,4)-»l?i(7ri,j4)-»0 

0->fl' 1 (7ri,i4) ->.ff 1 (G,A) -+Der($,A) H 2 (B(T,G, fi), A) -> 
-^i? 2 (G,A) -»-D 1 ($,A) 

Proof. Take the long exact (co)homology sequences associated to the short exact 
sequences of (co)chain complexes 

Tot G*(iV~ 1 (l, G, i), A) >-» TotaCJVTHr.G^J.A) -» /?.($, A) 
/3* ($, A) w Tot G* (TV" 1 (T, G, /i), A) -» Tot C* [N' 1 (1 , G, i) , A) . 

Apply Proposition [T7J and the fact (see 11 ) that ifi (£?($), A) = #1(711, A) and 
H 1 (B($),A) = H 1 (tt 1 ,A). □ 

We hnally notice that a more topological approach than the one given in this 
paper should allow to obtain a topological interpretation of the (co)homology 
D*($,A) and D*($,A) as relative (co)homology of the pair of spaces (B$,BG) 
with local coefficients. In fact, it is reasonable to conjecture that, for each n > 0, 
#"/?•($, A) (resp. #„/?.($, A)) is isomorphic to H n (B$, BG; A) (resp. H n (B$, 
BG; A)), so that by Proposition!]?! for each n > 2 L>"- 2 ($, A) (resp. £>„-2($, A)) 
would be isomorphic to iJ"(B$,SG; A) (resp. H n (B$,BG; A)). 

6. An example 

Let M be a G- module and consider the crossed module $ = (M, G, 0). The 
map of crossed modules (i,idc) : (l,G,i) — > (M, G, 0) has a section (0,idc) : 
(M,G,0) -y (l,G,i). Therefore the corresponding map B(G) ^ B(M,G,0) has 
a section B(M, G, 0) — > B(G). Hence the long exact sequences of Theorem 1 131 give 
split short exact sequences for each n > 2 

0^ff„(G,A) ^JT n (B(Af,G,0),A) - £>„- 2 ((M, G,0),A) 

-> D n - 2 ((M, G,0),A) -> ff"(B(M,G,0),A) ^ iT(G,A) 

It follows that for each n > 2 

H n (B(M, G, 0), A) = H n (G, A) © D n _ 2 ((M, G, 0), A) 
H n (B(M, G, 0), A) = i/ n (G, A) © D n - 2 {(M, G, 0), A). 

Recall that for every crossed module (T, G, /x) with homotopy groups ttl and 7T2 
there is a fibration sequence 

K(ir 2 ,2) ^ \B(T,G,»)\ ^ K(iri,l) 

where K(tt2, 2) and K(%x, 1) are Eilenberg-MacLane spaces. Hence we have corre- 
sponding Serre spectral sequences: 

E 2 pq = H p (m, H g (K(7r 2 , 2), A)) =► H p+q (B(T, G, fi),A) 

E™ = H*fa,H*(Kfa,2), A)) HP+"(B(T, G, M ), A). 





(27) 
0. v ; 

(28) 
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In the following proposition we shall use the well known fact that, for every abelian 
group A 

H 1 K(A,2) = = H 3 K(A,2), H 2 K(A, 2) = A, H i K{A,2) = T 2 A (29) 
where T 2 denotes Whitehead's universal quadratic functor. 

Proposition 19. Let M be a ZG-module and let $ = (M, G, 0) act on the abelian 
group A. 

a) There are exact sequences 

D 2 (<S>,A) -> H 2 (G,M® Z A) -► H (G, Torf (M, A)) -» 
-> Di ($, A) -> fTi (G, M ® Z A) 

-> iJ 1 (G,Hom z (M,A)) -» D\<f>,A) -> H°(G, Extz(M, A)) -> 
-» # 2 (G, Hom z (M, A)) -> £> 2 ($, A). 

&j J/ Tor-^M, A) = £/ien t/iere is an exact sequence 

D 3 (&, A) -» ff 3 (G } M® z A) -► ff (G,r 2 Af® z A) 
-» £> 2 ( < i > , -A) -► H 2 {G 1 M®%A) -» 0. 

1/ Ext z (Af, A) = fften f/iere is an exact sequence 

0^ H 2 (G,Hom z (M,A)) -^D 2 ($,A) — » iJ°(G, Hom z (r 2 Af, A)) -» 
-> H 3 (G, Homz(M, A)) -> L> 3 ($, A). 

Proof. The Serre spectral sequences for the crossed module (M, G, 0) are 
- ff p (G, ff,(A-(M, 2), A)) H p+g (B(M, G, 0), A) 
£f« = H 9 (K(M, 2), A)) =► H p+q (B(M 7 G, 0), A) 

while the same spectral sequence for the crossed module (1, G, z) has E 2 q = E pq = 
for q^0; aiso H n (B(l,G,i),A) = H n (G, A) and H n (B(l, G, i), A) = H n (G, A). 
Hence from (12 7|) we deduce that there are spectral sequences 

E 2 q = H P (G, H q+2 (K(M, 2), A)) D p+g ((M, G, 0), A) 
£f = H p {G 7 H q+2 (K(M 7 2),Aj) ^> D p+q ((M,G,0),A). 
The corresponding exact sequences of low degree terms are 

D 2 (<S>,A) ^ H 2 (G,H 2 (K(M,2),A)) ^ H (G,H 3 (K{M,2),A)) - 
-> A) -» Hi(G, H 2 (K(M, 2), A)) -> 0. 

-> H 1 (G,H 2 (K(M,2),A)) -» D X ($,A) -> H°(G, H 3 (K(M, 2), A)) -> 
-» H 2 (G,H 2 (K(M,2),A)) -> L> 2 ($,A). 
By (|29ll and the universal coefficient theorem, 

H 2 (K(M, 2), A) £* M® Z A, H 3 (K(M,2),A) = Torf(M,A) 

H 2 (K(M, 2), A) = Hom z (A/, A), H 3 (K(M, 2), A) = Ext z (Af, A) 

so that part a) follows. 
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If Torf (M, A) = then E\ = H P (G, Torf (M, A)) = 0. Hence (see 0) there is 

an exact sequence D 3 — > S| — > £q 2 — > D 2 — > S| o — * 0> i- c - 

£ 3 ($, A) -» H 3 (G,H 2 (K(M,2),A) -» H (G,H 4 (K(M,2),A)) -» 

- Da^.A) ^ ffatCffj^M^)^)) -» 0. 

From l|2"3)> and the universal coefficient theorem, we have H 4 (K(M, 2\A) = Y 2 M®iA 
so that part b) follows for the homology case. 

If Ext|(M,A) = then if 1 = H P (G, Ext%(M, A)) = so there is an exact 
sequence -> E%'° -> D 2 ^ E°' 2 -> ,0 ~> 1)3 > Le - 

-> H 2 (G,H 2 (K(M,2),A)) -> L> 2 ($, A) -> H°(G, H 4 (K(M, 2), A)) -> 
-> H 3 (G,H 2 {K(M,2),A)) -> L> 3 ($, A). 

From the universal coefficient theorem H 4 (K(M, 2), A)) = Homz(r 2 M, A) so that 
part b) follows. □ 

We point out that for the case of homology with Z-coefficients, <|28|) and the 
homology exact sequences of Proposition^] were also given in |13j . 

7. AN APPLICATION TO THE COHOMOLOGY OF THE CLASSIFYING SPACE 

In this section we apply the simplicial description of the cohomology of the clas- 
sifying space of a crossed module proved in Theorem ll^l ii) to give an interpretation 
of these cohomology groups in dimensions n = 2, 3. 

Lemma 20. Let $ = (T, G, /z) be a crossed module, A an abelian group. Then 
(1,A, i) is a ^-module if and only if A is a ni-module. In this case there is an 
isomorphism 

Der($, (I, A, i)) S Der(7i"i, A). 

Proof. From Section 1, the singular object (l,A,i) is a $-module if and only if 
there is a split extension of crossed modules 

(l,A,i)~(T',G',Li')?l(T,G,n). (30) 

In particular we have split short exact sequences of groups I >— > T' -» T and 
A >— > G' G; thus we can assume that T' = T, G' = A x G, that the map 
pr G : Ax G — > G is pr G (a, g) — g and that the map iq : G — > Ax G is igQ?) = (0, <?)• 
Hence we have the split short exact sequence 

(1, A, i) > — »■ (T, A x G, //) (T, G, //). (31) 

(id r ,pr G ) 

Since (idr, «g) is a crossed module map, //idy = iofj,, hence //(i) = (0, /z(i)) for 
all t GT, that is // = (0,/i). Since (idT,pr G ) is a crossed module map, ( a ' 9 H = 9 t 
for all (a, 5) £ A x G, t € T. The axioms of crossed module for (T, A x G, (0, /z)) 
give, for all (a, 3) £ A x G, ieT 

(0 )M )( (a ' 9) t) = (a,ff)(0, M (t))(a !5 )- 1 . 
An easy calculation shows that this is equivalent to 

(0, M ( 9 i)) = (a~ ^'VaO)) 

for all t £ T, g e G, a S A. It follows that a = ^ 9 *^a. In particular, taking g = 1 
we obtain for all t e T, a G A, so that A is a 7ri-module. 
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Conversely, if A is a 7ri-module, then (|31|1 is a split singular extension of crossed 
modules, hence (l,A,i) is a $-module. We have 

Der($, (I, A, »)) S Hom CM/$ ($, (T, A x G, (0, //)). 

We now show that there is an isomorphism 

a : Hom C M/$(*, (T, A x G, (0,/x)) -> Der(7ri,A). 

Let a(id T , (L>,id G )) = £>. Then L> 6 Der(G,A) and since (D,id G )/i = (0,/x) we 
have -D/i = so that D G Der(7r 1) A). Clearly a is injective. Given D 6 Der(7ri,A) 
let D(c?) = D{gfi(T)), g E G. Then 13 e Der(G,A) and a(id T , (Aide)) = D, so 
that a is also surjective. □ 

We can similarly define a functor Der(-, (1, A, i)) : CM/$ — > Ab on the slice 
category. 

In the next proposition we show that the cohomology of the classifying space of 
a crossed module can be described as cotriple cohomology. 

Proposition 21. Let <i> = (T, G, /i) 6e a crossed module, A a ni-module. Then for 
each n > 

H n {B(<S>), A) S ff n - 1 Der(G.$, (1, A, i)). 
Proof. Let G.$ = (T.,G.,i.), 5. = G./i.(T.). From Lemma I3U1 

# n Dex(G.$, (1, A, i)) S K n Der(5„ A). 

The result follows from Theorem 1131 ii). □ 

The following corollary generalizes a result of 4 Theorem 10 (iv)] which is 
established there in the case of aspherical crossed modules. 

Corollary 22. Let $ = (T, G, fi) be a crossed module, A a trivial iti-module. Then 
for each n > 

H CCG ((T, G, M ), (1, A, i)) = A). 

Proof. Let G.<& = (T.,G.,i.), S. = G./z.(T.). Since actions are trivial 

Der(5.,A) = Hom Sp (S., A) = Hom C M((T„ G.,i.), (l,A,i)). 

By definition H CCG ((T, G, (j,), (1, A, i)) K n_1 HomcM((T», G., i.), (1, A, i)) and 
the result follows from Theoremll3liiL □ 

We finally obtain the interpretation for the second and third cohomology group 
of the classifying space. We need the notion of singular and 2-fold special extensions 
of (T,G,/j,) by (l,A,i). 

Definition 23. Let $ = (T, G, /i) be a crossed module acting on an abelian group 
A. 

i) A singular extension of (T, G, fi) by (l,A,i) is a short exact sequence of 
crossed modules 

(l,A,i) ~ (T,G',f,') (ld Z f) (T,G,») (32) 

such that the corresponding short exact sequence of cat 1 -groups 

(1 x A, id, id) G', d', s) -» (T x G, d, s) (33) 

is a singular extension of (T x G,d,s) by the (T x G, d, s) -module (1 x 
A, id, id) m i/ie sense of categories of interest \2l\. 
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ii) A 2-fold special extension of (T, G,/i) by (1,A, i) is an exact sequence of 
crossed modules 

(1, A, i) A (T", G", //') ^ (T", G", //) (T, G, M ) (34) 
smc/i i/iai £/ie corresponding exact sequence of cat 1 -groups 

(1 x A, id, id) >-» (T" x G", d", s") (T' x G', d', s') ( ^ } (T x G, d, s) (35) 

is a 2-fold special extension of (T x G,d,s) by the (T x G, d, s) -module 
(lxi, id, id) in the sense of categories of interest |21| . 

A more explicit characterization of singular and 2-fold special extensions of 
(T, G, fi) by (1, A, i) can be given as follows. 

Lemma 24. Let $ = (T, G, /i) &e a crossed module acting on the abelian group A. 

i) A singular extension of (T,G,/i) by (l,A,i) consists of a short exact se- 
quence of crossed modules such that if f : G — » G' is a set map 
with ff = id G , it is f'(g)af'(g^ 1 ) = for all g E G, a £ A where 
[9] = 9l i (T) G tti and is the given ni-module action on A. 

ii) A 2-fold special extension of (T, G, /i) by (l,A,i) consists of an exact se- 
quence of crossed modules {34}) where 

T" T' h:T'xG" -» T" 



/x' (36) 



G" — ► G' 

(3 

is a crossed square and if r' : G — > G' is a set map with rr' = idc, then for 
all g e G , a E A, 

r\g) a= [ff] a . 

Here [g] = g/i(T) G 7Ti, is the given ni-module action on A and r 
is the action of G' on G" in the crossed square yjb]) . 

Proof. 

i) By definition, (|33(l is a singular extension of cat^groups. Hence for all 
teT,geG,aeA 

(t,f(g))(l,a)(t,f'(g- 1 )) = (l, W ), 

that is 

(t f ' {g)af '^ 1 h-\f'(g)af'(g- 1 )) = (1, W a ). 

Since (1, A, i) is a normal subcrossed module of (T, G, /1), i-^ ( 9 ) a ^ ^ 9 ^t^ 1 = 
1 for all i £ T, j e G, a e 4; hence we only require that f'(g)af'(g^ 1 ) = 

ii) By definition, 134(1 is a 2-fold extension in cat 1 -groups. Let f':T^>T'he 
a set map with //' = id T . Since ((T" x G",d",s"), (V x G',d',s'), {a,/3)) 
is a crossed module in the category of cat 1 -groups, by Lemma ^ l|3t)|) is a 
crossed square and the crossed module action of T' x G 1 on T" x G" is given 

by 

( t '<s'\t",g") = ( t '( 9 't")h(t', 3 'g"), a 'g"). (37) 



28 



SIMONA PAOLI 



Further, arguing as in the proof of Lemma 1101 ii). the induced action of 
(T x G, d, s) on (1 x A, id, id) given by ^ ^ (1, a) has to coincide with 
the given action, which is (1, ^a). Hence by H37(l we obtain 

(h(f(t), r 'Wa), r '^a) = (1, M ) 
for alH € T, g 6 G, a € A. By the axioms of crossed squares 

aM/'(t), r ' (s M = /'(*) /3(r ' (9,a) /'W" 1 = mf®- 1 = !• 

Hence, since a is injective, h(f'(t), r ^a) = 1. Therefore we only require 

for all g e G, a e A □ 

It is possible to introduce an equivalence relation on the set of singular and 2-fold 
special extensions of (T, G, fi) by (1, A, i) in a way similar to what explained in §4.2. 
The sets of equivalence classes of singular and 2-fold special extensions of (T, G, fi) 
by (1, A, i) become abelian groups under Baer sum. 

Theorem 25. Let $ = (T, G,/i) &e a crossed module, A a ni-module. Then 
H 2 (B(&), A) is isomorphic to the group of equivalence classes of singular extensions 
of(T,G,/i) by (l,A,i) and H 3 (B ($) , A) is isomorphic to the group of equivalence 
classes of 2-fold special extensions of (T, G, fi) by (l,A,i). 

Proof. From Proposition H 2 ( £?($), A) # 1 Der ( G. $, (1, A, i)) and 
H 3 (B($), A) = £f 2 Der(G.$, (1, ^4, z)). By the interpretation in terms of extensions 
of the first and second cotriple cohomology groups in categories of interest given in 
PTl Theorems 2.1.3 and 2.2.3] the result follows. □ 

8. The relationship with cohomology of groups with operators 

Our purpose in this section is to elucidate the relationship between the coho- 
mology theory D*((T, G, /J,), A) of a crossed module (T, G, fi) with coefficients in a 
7Ti-module A and the cohomology Hq(T,A) studied in |JjJ. The latter is the coho- 
mology of a group T endowed with a G-action by automorphisms with coefficients 
in a G-equivariant T-module A; this consists of an abelian group A with actions of 
T and G such that 

»(*a) = 9 *( 9 a), g e G, teT a E A. 

The possibility that a relationship between the two theories may exist is suggested 
by the fact that, by [HI P- H] 

D°((T, G, (i),A) = Der((T, G, fi),A) = Hom G (T, A) = Der G (T, A) = Hq(T, A). 

We shall also exhibit a counterexample showing that in general D n ((T,G, fi), A) 
and Hq +1 (T, A) are not isomorphic for n > 0. 

In order to establish the relationship with Hq(T, A) we first prove that if (T, G, /i) 
is a precrossed module, (T, A) can be recovered as cohomology of a precrossed 
module for n > 0. 

Recall that a precrossed module (T, G, /i) consists of a group homomorphism 
/i : T — ► G together with an action of G on T such that //( 9 i) = <7/z(t)<7 _1 , g G G, 
t e T. A morphism of precrossed modules (f,h) : (T,G,fi) — > (T',G',/i') consists 
of group homomorphisms / : T -v T', h : G ^ G' with /( 9 i) = h(9) /0), * 6 7\ 
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g € G. Denote by PCM the category of precrossed modules. PCM is equivalent 
to the category of pre- cat 1 -groups. A pre-cat^-group is a group G together with 
two endomorphisms do, d\ : G — > G such that dido = do, dgdi — d±. A morphism 
/ : G — > G 1 of pre-cat 1 -groups is a group homomorphism commuting with do,di. 

In pQ is proved that the category of precrossed modules is tripleable over Set; the 
corresponding cotriple is then used to define a cotriple (co)homology of precrossed 
modules with trivial coefficients. Following the same method used for crossed mod- 
ules, we introduce a cotriple cohomology of precrossed modules with a system of 
local coefficients. 

Notice that PCM is a category of interest in the sense of this follows from 
the fact that PCM is equivalent to pre-cat 1 -groups and from the tripleability of 
PCM over Set. 

Lemma 26. Let (T, G, /i) be a precrossed module, A an abelian group. Then 
(A, 1,0) is a (T, G, /i) -module (in the category of interest PCM.) if and only if 
A is a G-equivariant T-module in the sense of |Sj and in this case 

Der((T, G, p), (A, 1, 0)) <* Der G (T, A). 

Proof. If (A, 1,0) is a (T, G, ^)-module, there is a split singular extension in PCM 

(A1,0)^(T',G',/7)^(T, G, M ). 

In particular there are split extensions of groups A >— > T' T and 1 >— » G' ^ G, 
so that we can assume that G' = G, and that T" = A X T, where the action of T on 
A is by conjugation via the splitting; we can also assume that the map A~aT —t T 
is the projection and T —* A x T is the inclusion. So we have the split extension in 
PCM 

(A, 1, 0) ~» (A x T, G, £) (t, G, /x). (38) 

(«>id G ) 

The action of G on A X T induces an action of G on A; in fact, since (pr T ,id G ) 
is a map of precrossed modules, pr T ( 9 (a. 1)) = 1 for all g S G, a e A. Since the 
maps in the split extension (|38(l are maps of precrossed modules, we have, for all 
a £ A, geG, t e T, Ji(a,t) = fx{t), 9 {a, t) = » (a, 1) 9(0, t) = ( 9 a, 1)(0, H) = 
( 9 a, 9 t). In particular we obtain, for all a G A, g <E G, t € T, ( 9 (*a), s i) = 
9(*a,t) = 9 ((0,i)(a,l)) = (0, 9 t)( 9 a,l) = ( 9 *( 9 a), 9 t). Hence 9 (*a)= 9 *(%) so 
that, in the terminology of [2] ^4 is a G-equivariant T-module. Conversely if A is a 
G-equivariant T-module , l|38(l is a split singular extension in PCM, so (A, 1,0) is 
a (T, G, /^)-module. We have 

Der((T, G, /i), (A, 1, 0)) S Hom PCM/(T)G>M) ((T, G, /i), (A x T, G, pt)). 

We now show that there is an isomorphism 

a: HompcM/(T,G, M )((T,G,/i),(^xT,G,/I)) -> Der G (T, A). 

Let a((T>,id T ),id G ) = T». Notice that T> £ Der G (T,A); in fact D e Dcr(T,A) 
and since ((D, idy), id G ) is a morphism of precrossed modules, (D{ 9 t) 9 t) = 9 
(D(t),t) so that D( 9 t) = 9 D(t). Clearly a is injective. Let D e Der G (T,A), 
then ((£>, idr), id G ) is a morphism of precrossed modules over (T, G, /i) and 
a((DAd T ),id G ) =D ' □ 

Notice that if (T, G, /^) is a crossed module and A is a 7ri-module, A is a G- 
equivariant trivial T-module in the terminology of 6, p. 15]. If / : CM — > PCM 
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is the inclusion, we have in this case 

Der(/(T, G, p), (A, 1, 0)) S Der((T, G, /x), A). 

Remark 27. 

An equivalent version of Lemma 1261 is obtained by working in pre-cat^groups 
rather than in PCM. Let (A, 0,0) and (T x G,do,di) be the pre-cat 1 -groups 
corresponding to the precrossed modules (A, 1,0) and (T,G,/j,) respectively. It is 
easily checked that (A, 0, 0) is a (T x G, do, di)-module if and only if A is a (T x G)- 
module and 

Der((T x G, do, di), (A, 0, 0)) = {D E Der(T x G, A) | £>(1, G) = 0}. 

The two versions of the lemma are clearly equivalent. Recall in fact [HI Theorem 
2.2] that the categories of G-equivariant T-modules and that of (T x G)-modules 
are equivalent, with the action of T x G on a G-equivariant T- module A given by 
(t>9) a = '(%); moreover it is straightforward to check that there is an isomorphism 

a : Der G (T, A) -> {D e Dcr(T x G, A) D(l, G) = 0} 

given by a(D){t,g) = D{t), (t,g) £ T x G. 

Let G be the cotriple on PCM of [T]. 

Proposition 28. Let (T, G, /z) be a precrossed module, A a G-equivariant T- 
module. Then for each n > 

H n Der(G.(T,G,n),(A,l,0)) S H£ +1 (T,A). 

Proof. From [S] Theorem 2.6] for each n > 

H£(T,A) Si H n (B T> « G ,B G ,A) - H n {kei(C*(T x G, A) ^ C*(G,A)), 

where C* (T x G, A) and G* (G, A) are the ordinary cochain complexes for computing 
group cohomology and r, are the restriction maps. 

Denote G.(T, G,/i) = (T.,G.,/x«). From Lemma I27H and Remark |2"T1 there is a 
short exact sequence for each n 

Dcr((r n ,G„,/i n ), (A, 1,0)) -» Der(T„ x G„, A) -» Dcr(G„, A) -» 

where the map Der(T„ x G n ,A) — > Der(G„,A) is restriction. It is proved in P p. 
12] that T m >i G. ^ T x G and G. — > G are free simplicial resolutions. Hence, if _L 
is the ordinary free cotriple on Groups we obtain short exact sequences of cochain 
complexes 

► Der((T.,G.,/x,),(A,l,0)) Der(T. x G.,A) - Der(G., A) - 

I I' , I' 

»■ kerr^ Der(L.(T x G),A) -t Der(_L.G, A) ► 

I I' ,. I' 

kerr. * C*(T x G,A) '-^ C*(G,A) 0. 

In the above diagram the maps Der(T. x G. , A) ^ Der(_L. (TxG), A), Der(G. , A) 
Der(_L.G, A) are homotopy equivalences, and Der(_L.(T x G), A) — > G*(T x G, A), 
Der(_L.G, A) — > C*(G, A) are the natural cochain maps of the Barr-Beck theory 
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which induce isomorphisms in cohomology (see Taking the long exact coho- 
mology sequences in each row of the above diagram and applying the Five Lemma 
we obtain for all n > 

i? n Der((T.,G.,/x.),(A,l,0)) S H n keTr'. S H n+1 kcrr. = H^ +1 {T,A). 

Finally, by Lemma l2l)l by 6, p. 11] and by general properties of cotriple cohomology 

ff°Der((T., G„ /x.), (A, 1, 0)) £* Der((T, G, /*), (A, 1, 0)) £* Der G (T, A) - ff* (T, A). 

□ 

Theorem 29. Let (T, G, /x) &e a crossed module, A a iti-module. Let s n : G~"j => 
IG n , I : CM <^-> PCM be as in 1 ands n — Der(s n , A). There exists a long exact 
cohomology sequence 

-> #°cokers. -> Z3 1 ((T, G, /x), A) -> # G (T, A) -> Hookers. -> 

^£ 2 ((T,G, M ),A)-,/4(T,A)-,... 

Proof. It is proved in ^ p. 14] that there exists a surjective homomorphism of 
resolutions 



7(T, G, /*) • • • G 2 /(T, G, /x) =: GJ(T, G, ji) — (T, G, M ) 



Sn |s2 | Si 

JG"(T, G, n) ■■■ IG 2 (T, G, n) z+ 7G(T, G, /*) — I(T, G, /j) 



(39) 



The natural transformation s„ : G J — > 7G™ is defined inductively by s n +i = 
s„Go G Si for every n > 1, and si is the natural transformation sending each 
crossed module (T, G, /i) to the canonical projection G(T, G, jtx) — > VG(T, G, /x) = 
G(T,G,n) where V : PCM -> CM is Peiffer abelianization |Tj. Hence jjgft gives 
rise to an injective morphism of cochain complexes 

— ► Der(JG(T, G, fi), (A, 1, 0)) — Der(/G 2 (T, G, /x), (A, 1, 0)) — - ■ ■ ■ 

jsi |s 2 

— - Der(GI(T, G, /x), (A, 1, 0)) — ► Der(G 2 /(T, G, /x), (A, 1, 0)) — ► 

Since Der(JG.(T, G, /x), (A, 1, 0)) Der(G.(T,G,/x), A) we therefore have a short 
exact sequence of cochain complexes 

Der(G.(T,G,/x),A) Der(G.J(T, G, xx), (A, 1, 0)) -» coker s.. 

Since #°Der(G.(T, G, /x), A) = ff°Der(G./(T, G, /x), A) = Dcr G (T,A), taking the 
corresponding long exact cohomology sequence and using Proposition[2E]t,he result 
follows. □ 

The following counterexample shows that in general D n ((T ', G , /x) , A) and 
(T, A) are not isomorphic for n > 0. Let Goo be the infinite cyclic group with 
generator t, let H be the subgroup of Coo generated by t 2 so that Cqc/H = G2, the 
cyclic group of order 2. Consider the crossed module <& = (H, Coo, i) and let A be 
a G2-module. Let a be the generator of G2 and N = 1 + a; since H n (C 00 , A) = 
for n > 1 by Theorem [7] 



£>"(<£>, A) = H n+L (C 2 , Coo ; A) = £P+ 2 (G 2 ; A) 



j{a e A : Na = 0}/(a-l)A n odd, 
\a C2 /NA n even, n > 0. 
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On the other hand, since H acts trivially on A, in the terminology of [2] A is a 
Coo -equi variant trivial H-module, so that by [HI Corollary 3.7] for all n > 1 

H^+J (H,A) = H n+1 (H x Coo, A). 

Since the action of Coo on H is trivial, H x = H x . From the Lyndon / 
Hochschild - Serre spectral sequence 

£f = HP(Coo,Hi(H, A)) HP+"(H x Coo, A), 

since i^f 9 = for p ^ 0, 1, there are exact sequences, for each n > 1 

H^Coo^H^iH^A)) ^ H n (H x Coo,A) ^ H a (Coo,H n (H,A)). 

Since A) = for n > 2, ff^-H", A) ~ A, we obtain 

'jfHCoo.A) = A C ^ n = l, 
n > 1. 



H-+\H,A) = 



Hence in general £>"($, A) ^ H££(H, A) for n > 0. 

We finally remark that, since Hi(H) = for all i > 2, from [H| p. 19] there are 
isomorphisms H^, +1 (H,A) = F,xt r ^ ^(H a b, A) for all n > 0. Hence this counterex- 
ample also shows that despite the isomorphism D°((T,G, n), A) = Home (T, A) = 
HomG_Mod(7afc, A) for any crossed module (T, G, /z), in general the cohomology 
groups D n ((T, G, fi) 7 A) and HQ_ Mod (T a b, A) are not isomorphic for n > 0. 
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